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2 Luca Lusanna
Presymplectic manifolds underlie all relevant physical theories, since all
them are, or may be, described by singular Lagrangians [1] and therefore by
Dirac-Bergmann constraints [2] in their Hamiltonian description. In Galilean
physics both Newtonian mechanics [3] and gravity [4] have been reformu-
lated in this framework. In particular one obtains a multi-time formulation
of non-relativistic particle systems, which generalizes the non-relativistic
limit of predictive mechanics [5] and helps to understand features unavoid-
able at the relativistic level, where each particle, due to manifest Lorentz
covariance, has its own time variable. Instead, all both special and general
relativistic theories are always described by singular Lagrangians. See the
review in Ref.[6] and Ref.[7] for the so-called multi-temporal method for
studying systems with first class constraints (second class constraints are
not considered here).
The basic idea relies on Shanmugadhasan canonical transformations [8],
namely one tries to find a new canonical basis in which all first class con-
straints are replaced by a subset of the new momenta [when the Poisson
algebra of the original first class constraints is not Abelian, one speaks of
Abelianization of the constraints]; then the conjugate canonical variables
are Abelianized gauge variables and the remaining canonical pairs are spe-
cial Dirac’s observables in strong involution with both Abelian constraints
and gauge variables. These Dirac’s observables, together with the Abelian
gauge variables form a local Darboux basis for the presymplectic mani-
fold [9] defined by the first class constraints (maybe it has singularities)
and coisotropically embedded in the ambient phase space when there is no
mathematical pathology. In the multi-temporal method each first class con-
straint is raised to the status of a Hamiltonian with a time-like parameter
describing the associated evolution (the genuine time describes the evolution
generated by the canonical Hamiltonian, after extraction from it of the sec-
ondary and higher order first class constraints): in the Abelianized form of
the constraints these ”times” coincide with the Abelian gauge variables on
the solutions of the Hamilton equations. These coupled Hamilton equations
are the multi-temporal equations: their solution describes the dependence
of the original canonical variables on the time and on the parameters of the
infinitesimal gauge transformations, generated by the first class constraints.
Given an initial point on the constraint manifold, the general solution de-
scribes the gauge orbit, spanned by the gauge variables, through that point;
instead the time evolution generated by the canonical Hamiltonian (a first
class quantity) maps one gauge orbit into another one. For each system
the main problems are whether the constraint set is a manifold (a strat-
ified manifold, a manifold with singularities...), whether the gauge orbits
can be built in the large starting from infinitesimal gauge transformations
and whether the foliation of the constraint manifold (of each stratum of it)
is either regular or singular. Once these problems are understood, one can
check whether the reduced phase space (Hamiltonian orbit space) is well
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defined and which is the most convenient set of gauge-fixings able to yield
a realization of it.
Usually Shanmugadhasan canonical transformations are defined only lo-
cally, i.e. they are not defined on a whole domain containing the constraint
set or at least its stratum under investigation. However, since all relevant
physical systems must be defined in Minkowski space-time [with their non-
relativistic limit to be understood as a limit in which the velocity of light c
is very big with respect to all other velocities but finite; the exact Galilean
limit c → ∞ is a contraction which destroys the genuine relativistic effects
due to the geometry of a space-time with Lorentzian signature (+,-,-,-)], and
since for all them it is assumed that the Poincare´ algebra and group are glob-
ally implemented, then it turns out (at least for all systems investigated till
now) that there is a special family of Shanmugadhasan canonical transfor-
mations globally defined. To find it, one has to take into account the Lorentz
signature of Minkowski space-time and the consequent existence of various
types of Poincare´ orbits with different little groups, and to find canonical
variables adapted to the Poincare´ group (center-of-mass decompositions),
to the geometry of the Poincare´ orbits and to the first class constraints.
The source of globality may be traced back to the existence of the momen-
tum map for the Poincare´ group action on the constraint manifold (or to
its different actions on the various strata of the constraint manifold as we
shall see). By means of these global Shanmugadhasan canonical transforma-
tions one obtains a global symplectic decoupling of the associated Dirac’s
observables from the Abelian constraints and gauge variables: in this way
one gets natural realizations of the reduced phase space without the neces-
sity of adding gauge-fixings [10]. The price for this naturaliness is that the
final canonical Hamiltonian is usually non-linear and non-local in the new
variables and one does not know how to quantize in the standard ways.
Therefore a research program started with the aim to identify all the
consequences of the following three hypotheses for special relativistic either
pointlike or extended systems: i) Lorentz signature of Minkowski space-
time; ii) Hamiltonian description with first class constraints (presymplectic
approach); iii) global implementation of the Poincare´ group.
With special relativistic systems, for which, by assumption, there is a
global implementation of the Poincare´ algebra and group, the constraint
manifold is a stratified manifold, disjoint union of strata corresponding to
the various types of Poincare´ orbits. The main stratum consists of all the
configurations of the system with time-like total four-momentum P 2 > 0
(with the further subdivision Po > 0 or Po < 0); then there are secondary
strata corresponding to P 2 = 0 (Po > 0 or Po < 0) and Pµ = 0 (the
stratum Pµ = 0 is connected with the classical background of the infrared
divergences). The stratum corresponding to space-like orbits P 2 < 0 must
be absent not to have tachionic effects. The geometry of the various orbits
is different due to the inequivalent little groups. To study the strata P 2 = 0
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and Pµ = 0 one has to add to the original first class constraints the extra
first class ones P 2 ≈ 0 and Pµ ≈ 0 respectively. Since on the main stratum
P 2 > 0, one has the form W 2 = −P 2 ~˜S
2
of the Pauli-Lubanski Casimir
of the Poincare´ group, this stratum is divided in the two substrata ~˜S 6= 0
and ~˜S = 0, corresponding to the two inequivalent kinds of orbits of the
rotation group generated by the rest-frame Thomas spin ~˜S (again one has
to add ~˜S ≈ 0 to the original constraints to describe this substratum). In
the stratum P 2 = 0, when the little group is O(2), one has Wµ = λPµ,
limP 2→0W
2/P 2 = −λ2, where λ = ~P · ~J/Po is the Poincare´ invariant
helicity; again one must distinguish λ = 0 from λ 6= 0.
Let us now review the one-, two- and many-body systems of relativis-
tic mechanics , which have been described with first class constraints (see
Refs.[11] for the bibliography; only the papers of the Firenze group will be
quoted, since all them are formulated with a homogeneous formalism). The
importance of relativistic mechanics stems from the fact that quantum field
theory has no particle interpretation: this is forced on it by means of asymp-
totic states which, till now, correspond to the quantization of independent
one-body systems described by relativistic mechanics [or relativistic pseu-
doclassical mechanics [12], when one adds Grassmann variables to describe
the intrinsic spin]. Besides the scalar particle (P 2 − m2 ≈ 0 or P 2 ≈ 0),
one has control on: i) the pseudoclassical electron [13] (Pµξ
µ −mξ5 ≈ 0 or
Pµξ
µ ≈ 0, where ξµ, ξ5 are Grassmann variables; P 2 −m2 ≈ 0 or P 2 ≈ 0
are implied; after quantization the Dirac equation is reproduced); ii) the
pseudoclassical neutrino [14] (Pµξ
µ + i
3
ǫµνρσPµξνξρξσ ≈ 0, P 2 ≈ 0, giv-
ing the Weyl particle wave equation Pµγ
µ(1− γ5)ψ(x) = 0 after quantiza-
tion); iii) the pseudoclassical photon [15] (P 2 ≈ 0, Pµθµ ≈ 0, Pµθ∗µ ≈ 0,
θ∗µθ
µ ≈ 0, where θµ, θ∗µ are a pair of complex Grassmann four- vectors to
describe helicity ±1; after quantization one obtains the photon wave equa-
tions ⊔¯Aµ(x) = 0, ∂µAµ(x) = 0; the Berezin-Marinov Grassmann distribu-
tion function allows to recover the classical polarization matrix of classical
light and, in quantization, the quantum polarization matrix with the Stokes
parameters); iv) the vector particle or pseudoclassical massive photon [16]
(P 2−µ2+(1−λ)Pµθ∗µPνθν ≈ 0, θ∗µθµ ≈ 0, which, after quantization, repro-
duce the Proca-like wave equation (⊔¯+µ2)Aµ(x)− (1−λ)∂µ∂νAν(x) = 0).
Among the two-body systems, the most important is the DrozVincent-
Todorov-Komar model [17] with an arbitrary action-at-a-distance interac-
tion instantaneous in the rest frame as shown by its energy-momentum
tensor [18] (P 2i − m2i + V (R2⊥) ≈ 0, i=1,2, Rµ⊥ = (ηµν − PµP ν/P 2)Rν ,
Rµ = xµ1 − xµ2 , Pµ = P1µ + P2µ). This model has been completely under-
stood both at the classical and quantum level [19] (and references therein).
Classically it allowed the discovery of the following sequence of canonical
transformations: i) from [xµi , piµ], i=1,2, to a generic set of center-of-mass
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and relative variables [Xµ = xµ1+x
µ
2 , Pµ, R
µ, Qµ =
1
2
(p1µ−p2µ]; ii) since the
model is defined only for P 2 > 0, one can use the standard Wigner boost
for these orbits Lµν(P,
o
P ) = ǫµν(P/η
√
P 2) = ηµν + 2P
µ
o
P ν/P
2 − (Pµ +
o
P
µ
)(Pν+
o
P ν)/(P +
o
P ) ·
o
P , where η = signPo and
o
Pµ = (η
√
P 2;~0), to boost
at rest the relative variables Rµ, Qµ: in this way one gets the canonical basis
[X˜µ, Pµ, ǫR = P ·Q/η
√
P 2, TR = P ·R/η
√
P 2, ~˜R, ~˜Q], where ~˜R, ~˜Q are Wigner
spin 1 three-vectors, but X˜µ is not a four-vector; iii) finally, from the center-
of- mass variables [X˜µ, Pµ] one goes to the canonical basis [ǫ = η
√
P 2, T =
P ·X˜/η
√
P 2 = P ·X/η
√
P 2, ~z = η
√
P 2( ~˜X− ~P X˜o/Po), ~k = ~P/η
√
P 2], where
~z, apart a dimensional factor, is the canonical non-covariant classical ana-
logue of the Newton-Wigner operator in presence of spin (orbital angular
momentum here). In this final canonical basis one has: a) the Casimir P 2 is
in the basis via ǫ and its conjugate variable is the center-of-mass time in the
rest frame; b) suitable combinations of the constraints may be written as
χR = ǫR − (m21 −m22)/2ǫ ≈ 0, χ = ǫ−2[ǫ2 −M2+(~˜R, ~˜Q)][ǫ2−M2−(~˜R, ~˜Q)] ≈ 0:
the first one determines the relative energy ǫR (so that the conjugate gauge
variable is the relative time TR), while the other one determines the four
branches of the mass spectrum [ǫ = ±Mρ = ±(
√
m21 +
~˜Q
2
+ V (−~˜R
2
) +
ρ
√
m22 +
~˜Q
2
+ V (−~˜R
2
)), ρ = ±; for equal masses and P 2 > 0 there are
only two branches ǫ = ±2
√
m2 + ~˜Q
2
+ V (−~˜R
2
), since the two branches
with ǫ = 0 have P 2 = 0] and T is the conjugate gauge variable; c) therefore
our final canonical basis [ǫ, T, ǫR, TR, ~z,~k,
~˜R, ~˜Q] is a quasi-Shanmugadhasan
one (by redefining ǫR and T, the constraint χR ≈ 0 may be put in the form
ǫ
′
R ≈ 0) with ~z,~k, ~˜R, ~˜Q playing the role of Dirac’s observables (with respect
to χR and TR) with the evolution determined by χ ≈ 0 [i.e. there are four
different Hamiltonians ±Mρ(~˜R, ~˜Q) for the four branches]: in this case, by
replacing χ with ǫ− (±Mρ(~˜R, ~˜Q)) ≈ 0 one could find four Shanmugadhasan
bases, one for each branch, and therefore the four sets of final Dirac’s ob-
servables (Jacobi data), but in general a constraint of the kind ǫ −H ≈ 0
can be included globally in such bases only if the dynamics generated by
the Hamiltonian H is Liouville integrable. At the quantum level, while one
has a system of coupled integro-differential Klein-Gordon equations coming
from the constraints in the original variables, one gets coupled differential
equations in the final ones (in these variables one can define a Cauchy prob-
lem). The mass spectrum and the elementary solutions have been found
in both the formulations [19] for all potentials for which a complete set of
eigenfunctions is known for the operator −~∇2R+V (−~˜R
2
). Moreover, in both
cases four scalar products, compatible with both equations (i.e. independent
from T and TR), have been found as generalization of the two existing scalar
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products of the Klein-Gordon equation: all of them are non-local even in
the limiting free case and differ among themselves for the sign of the norm
of states on different mass-branches.
The connection with the Bethe-Salpeter equation of the quantized model
has been studied in Ref.[20], where it is shown that the constraint wave
function can be obtained from the Bethe-Salpeter one by multiplication for
a delta function containing the relative energy ǫR to exclude the spurious
solutions.
The extension of the model to two pseudoclassical electrons and to an
electron and a scalar has been done in Ref.[21], and the first was used to
get good fits to meson spectra.
While in the literature there are various 3- and n-body non-separable
models with first class constraints, see the talk of Longhi[22] for the difficult
case of 3-body separable first class constraints.
Of particular importance is the canonical transformation (xµi , piµ) 7→
(xµ, Pµ, R
µ
a , Qaµ), i=1,..,n, a=1,..,n-1, of Ref.[23], which transforms the first
class constraints p2i −m2i ≈ 0 of n free scalar particles in P ·Qa ≈ 0, a=1,..,n-
1, and in an overall mass-shell constraint determining the 2n branches of
the mass spectrum (2n is a topological number, which is broken when
some interaction destroys some mass gap). In analogy to the two-body
case for P 2 > 0, there is a quasi-Shanmugadhasan canonical transforma-
tion from [xµi , piµ], i=1,..,n. to the base [ǫ = η
√
P 2, T = P ·X/η
√
P 2, ǫRa =
P · Qa/η
√
P 2, TRa = P · Ra/η
√
P 2, ~z,~k, ~˜Ra,
~˜Qa], a=1,..,n-1, with
~˜Ra,
~˜Qa
Wigner spin 1 vectors: the n-1 constraints ǫRa ≈ 0 are among the new mo-
menta and their conjugate variables are the n-1 relative times TRa. It is
now under investigation with Pauri and Lucenti how to go from the sub-
base [~˜Ra,
~˜Qa] to a sub-base containing S˜ = | ~˜S |, so that this final canonical
basis would contain both the Poincare´ Casimirs, besides n-1 constraint vari-
ables, and therefore would know completely the geometry of the orbits with
P 2 > 0; this n-body kinematics would contain variables relative not only to
the center of mass but also to the total spin (orbital angular momentum)
and could be useful in many fields of physics to take into account the ef-
fects of the Lorentz signature of Minkowski space-time also at low velocities
(quasi-Galilean limit). Another feature which is going to be clarified is the
dependence of the inner Lorentz group generated by Sµν [Jµν = Lµν+Sµν ,
Lµν = XµP ν−XνPµ] and of the zitterbewegung of center-of-mass variables
from the relative time gauge variables. Next, by replacing the constraints
p2i −m2i ≈ 0 with pi · ξi−miξ5i ≈ 0 (with ξµi , ξ5i and ξµj , ξ5j commuting for
i 6= j), one should be able to include the intrinsic spin in the final canonical
basis.
Both the open and closed Nambu string, after an initial study with light-
cone coordinates, have been treated [24] along the lines of the two-body
model in the sector P 2 > 0. Both Abelian Lorentz scalar constraint and
gauge variables have been found and globally decoupled, and a redundant set
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of Dirac’s observables [~z,~k, ~˜an] has been found. It remains an open problem
whether one can extract a global canonical basis of Dirac’s observables from
the Wigner spin 1 vectors ~˜an, which satisfy sigma-model-like constraints; if
this basis exists (maybe the previous spin bases could help in this search),
it would define the Liouville integrability of the Nambu string and would
open the way to quantize it in four dimensions.
When a singular Lagrangian may be reconstructed from the first class
constraints of relativistic mechanics, it is reparametrization invariant; to
this invariance, via the Noether identities imlied by the second Noether
theorem, it corresponds the mass-shell constraint, which is quadratic in the
momentum for the one-body systems. The meaning of the gauge invariance
is that the observer has the freedom to make any choice of what is the
”time” with which evolution is described. For many-body systems the other
constraints may be chosen linear in the momenta (like P · Qa ≈ 0) and
the conjugate variables are the relative times: again their gauge nature im-
plies the freedom of the observer to describe the system with any given delay
among the pairs of constituents. In the continuum case of the Nambu string,
half of the gauge variables may be interpreted as the time and the relative
times of the points of the string, while the other half as the freedom for the
observer to define what is the ”longitudinal space”. In all cases the gauge
freedom is of the kind of general relativity, in which there is built in the
freedom to define what are time and space. Instead in gauge theories, like
electromagnetism and Yang-Mills theories, the gauge variables correspond
to unobservable degrees of freedom. However in all cases one interpretates
the first class constraints as restrictions on the Cauchy data of the associ-
ated Euler-Lagrange equations: in phase space Dirac’s observables are the
independent Cauchy data (or Jacobi data, when the canonical Hamiltonian
vanishes).
After the Nambu string, this methodology has been applied to classi-
cal gauge theories following the pioneering work of Dirac [25] for electro-
magnetism. By considering a 3+1 splitting of Minkowski space-time and
Yang-Mills theory for a trivial principal bundle over the fixed-time Eu-
clidean space R3 with a semisimple compact, connected, simply connected
Lie group as structure group, it was possible to find an exact global Shan-
mugadhasan canonical transformation to make a symplectic decoupling [26]
of the Abelianization of the Gauss’ laws and of the conjugate Abelian gauge
variables from the Dirac’s observables, which turn out to be suitable Lie al-
gebra valued transverse vector gauge potentials and transverse electric fields
like in the electromagnetic case. This is possible in suitable weighted Sobolev
spaces, in which the covariant divergence is an elliptic operator without zero
modes [27] and the Gribov ambiguity is absent [otherwise it is the source of
a further stratification of the constraint manifold [26] and of the presence of
cone over cone singularities due to the stability subgroups of gauge trans-
formations of certain gauge potentials and field strengths]. The discovery of
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the Green function for the covariant divergence allowed to solve the Gauss
law constraints and to find the Green functions of the Faddeev-Popov op-
erator and the square of the covariant derivative in the case of transverse
gauge potentials. After the construction of a connection-dependent coor-
dinatization of the trivial principal bundle based on generalized canonical
coordinates of first kind on the fibers, the multi-temporal equations for the
gauge potential were solved: the gauge potential is decomposed in a pure
gauge background connection (the Maurer-Cartan one-form on the group of
gauge transformations or BRST ghost) and in a gauge-covariant magnetic
gauge potential, whose transversality properties were found by using a gen-
eralized Hodge decomposition for one-forms based on the BRST operator
interpreted as the vertical derivative on the principal bundle. After an ana-
loguous decomposition of the electric field into transverse and longitudinal
parts (the latter containing transverse gauge potential, transverse electric
field and Gauss law contributions), the Dirac’s observables are identified as
the restriction to the identity cross-section of the trivial principal bundle of
the transverse gauge potential and transverse electric field. Also the gauge
invariant Dirac’s observables (but in this case not physical observables) of
Grassmann-valued fermion fields are determined. The physical Lagrangian
and Hamiltonian, and the non-Abelian and topological charges are obtained
in terms of the previous Dirac’s observables; the form of the Lagrangian is
obtained by means of an explicit realization of the abstract Riemannian met-
ric of Mitter and Viallet built by using the found Green functions. When the
structure group is SU(3), one has the classical basis of quantumchromody-
namics (QCD). The fundamental role played by the identity cross-section in
the determination of global Dirac’s observables raises the problem whether
such observables exist with non-trivial principal bundles and whether the
theory of quantum anomalies should be rephrased as the theory of obstruc-
tions to the existence of global Dirac’s observables; if one classical theory
does not admit these observables, then either it is already pathological at
the classical level or one has to find a physical interpretation of certain
gauge degrees of freedom. One has found also the classical background of
the quantum superselection rules: since one has Dirac’s observables Qa for
the non-Abelian charges, one can define a classical superselection sector as
the subset of Dirac’s observables which have vanishing Poisson brackets with
the charges Qa, i.e. as the subset of scalar observables, and a certain value
of the Casimirs like
∑
aQ
2
a. In this way only even functions of the ”un-
observable” Grassmann-valued fermionic Dirac’s observables are selected.
One could think to impose confinement of elementary fermions in a QCD
scheme by adding the extra first class constraints Qa ≈ 0. It is an open
problem whether there is a symplectic structure on the scalar Dirac’s ob-
servables, so that one could quantize only a superselection sector instead of
applying the superselection rules after quantization. Having eliminated the
gauge degrees of freedom and taken into account the non-localities implied
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by the implementation of the Poincare´ group, the Haag-Kastler program of
”local observables” (i.e. localized on compact domains) for gauge theories
should start from Dirac’s observables. Also the role of the center of the group
of gauge transformations and of the winding number have been discussed.
Instead, it is still open the problem of finding Dirac’s observables for the
standard model of electroweak interactions with its Higgs mechanism for
symmetry breaking: in it some of the Gauss laws have to be solved in the
momenta of the Higgs fields and not in the Yang-Mills momenta.
Both the Lagrangian and Hamiltonian are non-local and non-polynomial,
but without singularities in the coupling constant; like in the Coulomb gauge
they are not Lorentz invariant, but the invariance can be enforced on them
if one reformulates the theory for the stratum P 2 > 0 on space-like hyper-
surfaces (on light-cones for the stratum P 2 = 0) following Dirac [2]. With
special relativistic theories, one can restrict the space-like hypersurfaces to
hyperplanes orthogonal to Pµ for P
2 > 0 (it could be called a Wigner
foliation of Minkowski space-time): in this way the transverse gauge po-
tential and electric field become Wigner spin 1 three-vectors and the final
dynamics is governed by the first class constraint ǫ − HP ≈ 0, with HP
being the physical Lorentz invariant Hamiltonian. Another byproduct of
this construction is the indirect proof of the existence of a center-of-mass
decomposition also for classical field theory: namely there is a canonical
basis containing center-of-mass variables X˜µ, Pµ or ǫ, T, ~z,~k plus an infinite
number of relative variables with Wigner covariance. Even if this basis has
still to be constructed (and even if the independent Dirac’s observables from
the transverse ones have not yet been extracted with a control on Euclidean
covariance), the important point is that for all extended special relativistic
systems one arrives at a final canonical basis adapted to the Poincare´ orbits
and to the first class constraints, which contains Dirac’s observables with
Wigner covariance and the non-covariant canonical three-vector ~z.
Now in the literature there are three relevant concepts [28] of center-of-
mass position all coinciding in the rest frame: i) the canonical non-covariant
position (also called center of spin; it is the classical basis of the Newton-
Wigner operator in presence of spin), whose role, apart dimensions, is played
by ~z in the space of Dirac’s observables; ii) the covariant non-canonical
Fokker center of inertia, obtained from i) by Lorentz transformations; iii)
the non-covariant non-canonical Moeller center of energy. Only the second
one defines an intrinsic world line and it can be shown [28] that all the
pseudo-world-lines associated with the other two positions in all possible
reference frames fill a world-tube around the Fokker center of inertia, whose
intrinsic transverse radius is determined by the Poincare´ Casimirs of the
relativistic system (assumed in an irreducible Poincare´ representation with
P 2 > 0 and W 2 6= 0): ρ = |~˜S|/
√
P 2c =
√−W 2/P 2c. This classical intrinsic
unit of length, whose quantum counterpart is the Compton wavelength of
the configuration multiplied its total spin, has remarkable properties: i) the
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criticism to classical theories based on the quantum argument of pair pro-
duction applies only inside the world-tube; ii) the world-tube is the remnant
in flat Minkowski space-time of the energy conditions of general relativity
[as shown by Moeller, if a material body has its radius smaller than ρ, then
the classical energy density is not definite positive and the peripheral rota-
tion velocity is higher than the velocity of light]; iii) the classical relativistic
theory of position measurements faces the following dilemma which has no
analogue in Newtonian theories: a) the measurement of the canonical posi-
tion [a Dirac observable independent from the gauge-fixings on the relative
times] is frame-dependent, namely this position cannot be localized inside
the world-tube in a covariant way; b) every other center-of- mass position
variable (maybe canonical and covariant as the original naive center-of-mass
Xµ, but very often non-canonical) depends on the relative times and its mea-
surement acquires meaning only after a choice of gauge-fixings on them. At
the quantum level, the situation is even more complicated due to the theo-
rems of Hegerfeldt [29], according to which, if the Newton-Wigner position is
a self-adjoint oerator, then nearly all wave packets will spread in space with
a velocity higher than the velocity of light (only wave packets with special
power-like tails, living on the boundary of the Hilbert space, do not have
this pathology). Waiting for better develoed classical and quantum theories
of position measurements, we can conclude that there are strong indications
that the center-of-mass of extended relativistic systems may not be localized
inside the world-tube both at the classical and quantum levels. It could be
suggested that in the quantum theory, enriching the Heisenberg undetermi-
nation relations with this veto, one obtains an ultraviolet cutoff c
√
P 2/S
for the total energy in the spirit of Dirac and Yukawa. Let us remark that
the insertion of the spin Poincare´ Casimir in the final canonical variables
could introduce further non-covariant variables; it will be interesting to find
which is the minimal number and meaning of these non-covariant canonical
variables induced by the adaptation to the geometry of the Poincare´ orbits
and to the first class constraints.
What is not clear is how this ultraviolet cutoff could be used to quan-
tize the non-linear and non-local physical electromagnetic and Yang-Mills
Hamiltonians. To try to build a consistent framework with this aim in mind,
let us remark that the standard asymptotic Fock spaces used to give a par-
ticle interpretation to quantum field theory and to build S matrix theory
do not constitute a relativistic Cauchy problem for it: since many-particle
states are tensor products of single free particle states, one asymptotic free
particle can be in the absolute future of the others. One reflex of this freedom
ia given by the spurious solutions of the relativistic two-body bound-state
Bethe-Salpeter equation [12], which are excitations in the relative energy ǫR
conjugate to the relative time TR. Therefore, one should look for a multi-
temporal reformulation of the asymptotic states of quantum field theory by
using a canonical basis like the one discussed previously to describe modified
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asymptotic states of n free particles on a space-like hyperplane orthogonal
to their total momentum Pµ, when P
2 > 0. This is in the spirit of the
Tomonaga-Schwinger [30] formulation of quantum field theory and gener-
alizations of the non-local scalar products described above for two scalar
particles (and extended to spin 1/2 and spin 1 particles) should be used
in the construction. Formal S matrix theory would be unchanged with the
center-of-mass time T replacing the parameter t (there is no evolution in
the relative times due to the quantization of the n-1 first class constraints
ǫRa ≈ 0), but then one should formulate a reduction formalism and a per-
turbative expansion, in which only the total energy ǫ = η
√
P 2 propagates:
the relative energies ǫRa, a=1,..,n-1, should not propagate to avoid spuri-
ous solutions of the resulting bound-state equations. If this reformulation
is possible, one should get a scheme in which the previous ultraviolet cut-
off would be natural and maybe there could be the possibility of a further
extension of asymptotic states to include permanent bound-states (or only
them in theories like QCD). Naturally, the non-covariance of the canonical,
probably not self-adjoint, center-of-mass oerator corresponding to the Dirac
observables ~z would show up, especially in an attempt to describe this re-
formulation in a path integral approach, whose construction till now heavily
relies on the non-relativistic concept of self-adjoint position operators and
on their eigenstates.
Finally the methodology described above should help to solve the first
class constraints of general relativity either in the old tetrad gravity formu-
lation [31] or in Ashtekar’s approach [32] (where solutions already exist).
In tetrad gravity, there are 16 configuration variables in each space-time
point and 14 first class constraints in phase space, of which 13 linear in the
momenta (three generators of space diffeomorphisms and other ten satisfy-
ing a Poincare´ algebra). One should solve these 13 constraints and find a
quasi-Shanmugadhasan canonical basis adapted to them; only for some spe-
cial class of globally hyperbolic, globally parallelizable, asymptotically flat
manifolds this should be possible, if techniques similar to those used for the
Yang-Mills Gauss laws will work with space diffeomorphisms. If this can be
accomplished, then there should appear in the canonical basis an ”energy
variable” ǫ (like ǫ = η
√
P 2 for special relativistic œ[6 systems) such that the
time diffeomorphism constraint, which is quadratic in the momenta, could
be put in the form ǫ−HP ≈ 0 (like for covariant Yang-Mills theory), with
HP depending only on the two pairs of Dirac’s observables describing the
classical graviton degrees of freedom in each point of space-time; the gauge
variable conjugate to ǫ should be the ”time variable” for this class of general
relativistic manifolds. The eventual globality of the results and the extension
to other monifolds are completely open problems at this stage. However, now
both Yang-Mills theory with fermions and classical general relativity would
be put in the same form and the natural quantization procedure would be
the Schroedinger one. If the idea of the ultraviolet cutoff determined by the
12 Luca Lusanna
Poincare´ Casimirs would work for special relativistic gauge theories, one
could hope to use the Casimirs of the asymptotic Poincare´ group to try to
regularize quantum gravity. Finally, one should try to solve the constraints
of tetrad gravity coupled to matter and Yang-Mills fields and try to face the
unsolved problem of how to define elementary particles in the framework of
general relativity.
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